Abstract. In [2] , Huayi Chen introduces the notion of an approximable graded algebra, and asks if any such algebra is a sub-algebra of the graded section ring of a big line bundle on an algebraic variety. We give a counter-example showing that this is not the case.
Introduction
The Fujita approximation theorem, [4] , is an important result in algebraic geometry. It states that whilst the section ring associated to a big line bundle L on an algebraic variety X R(L)
is typically not a finitely generated algebra, it can be approximated arbitrarily well by finitely generated algebras. More precisely, we have that Theorem 1.1 (Fujita) . Let X be an algebraic variety and let L be a big line bundle on X. For any ǫ > 0 there exists a birational modification π :X → X and a decomposition of Q divisors, π * (L) = A + E such that
• A is ample and E is effective,
In [6] , Lazarsfeld and Mustata used the Newton-Okounkov body associated to A to give a simple proof of Fujita approximation. The Newton-Okounkov body, constructed in [5] and [6] , building on previous work of Okounkov [7] , is a convex body
This convex body encodes information on the asymptotic behaviour of the spaces of global sections H 0 (nL) for large values of L.
Lazarsfeld and Mustata's simple proof of Fujita approximation is based on the equality of volumes of Newton-Okounkov bodies
where we recall that the volume of a big line bundle on a d-dimesional variety is defined by
One advantage of their approach to the Fujita theorem is that NewtonOkounkov bodies are not only defined for section algebras R(L), but also for any graded sub-algebra of section algebras. Lazarsfeld and Mustata give combinatorical conditions (conditions 2.3-2.5 of [6] ) under which equation 1 holds for a graded sub-algebra ⊕ n B n ⊂ R(L) and show that these conditions hold if the subalgebra ⊕ n B n contains an ample series.
1
Di Biagio and Pacenzia in [3] subsequently used Newton-Okounkov bodies associated to restricted algebras to prove a Fujita approximation theorem for restricted linear series, ie. subalgebras of ⊕ n H 0 (nL| V , V ) obtained as the restriction of the complete algebra ⊕ n H 0 (nL, X), where V ⊂ X is a subvariety.
In [2] , Huayi Chen uses Lazarsfeld and Mustata's work on Fujita approximation to prove a Fujita-type approximation theorem in the arithmetic setting. In the course of this work he defines the notion of approximable graded algebras, which are exactly those algebras for which a Fujita-type approximation theorem hold. Definition 1. An integral graded algebra B = ⊕ n B n is approximable if and only if the following conditions are satisfied.
(1) all the graded pieces B n are finite dimensional.
(2) for all sufficiently large n the space B n is non-empty (3) for any ǫ there exists an p 0 such that for all p ≥ p 0 we have that
In his paper [2] Chen asks the following question.
Question 1 (Chen) . Let B = ⊕ n B n be an approximable graded algebra. Does there always exist a variety X and a big line bundle L such that B can be included as a subalgebra of R(L) ?
We will say that an approximable algebra for which the answer is "no" is non-sectional.
The aim of this note is to prove the following theorem Theorem 1.2. There exists an approximable graded algebra B = ⊕ n B n which is non-sectional.
The basic criterion used will be the following : if B is an approximable graded algebra, we can consider the associated field of homogeneous quotients K gr (B), into which, after choice of a base element b ∈ B 1 , the algebra B can be included.
If B is a graded sub-algebra of ⊕ n H 0 (nL) for some big line bundle L then the number of valuations of K gr (B) which take negative values on certains elements of B is finite.
In section 2) below we will state and prove our criterion for nonsectionality, whereas in section 3) we construct the non-sectional approximable algebra.
Note finally that while our counter example is not associated to a line bundle, it is of the form
with the property that ⌊nD⌋ is finite for any choice of n. This poses the following natural question.
Question 2. Let B = ⊕ n B n be a graded approximable algebra. Does there necessarily exist a variety X and a countable formal sum
of divisors on X such that for all n the integral divisor ⌊nD⌋ is finite and B is isomorphic to the graded algebra ⊕ n O (⌊nD⌋) ?
2.
A criterion for not-sectionality.
In this section, we will give a criterion for non-sectionality of a approximable graded algebra in terms of valuations on the associated field of homogeneous degree-zero rational functions. Definition 2. Let B = ⊕ n B n be an integral graded algebra. We define its graded field of functions by
We now state our criterion. Proposition 1. Let ⊕ n B n be an approximable graded algebra with B 0 = C. Suppose that the graded field of functions K gr (B) is a finitely generated field extension of C with transcendence degree one and there is a choice of element b 1 ∈ B 1 such that the set
is infinite. Then there does not exist a big line bundle L on a variety X such that ⊕ n B n is isomorphic as a graded algebra to a graded subalgebra of ⊕ n H 0 (nL, X).
Proof. Suppose that on the contrary we have a big line bundle L on a complex variety X and a graded inclusion i : B → R(L). This gives rise to a field inclusion
After blowing up, we obtain a birational morphism π sm : X sm → X from a smooth variety X sm . Consider the pull-back π sm * (L): there is an injective pull-back morphism π sm * : R(L) → R(π * (L)). Replacing X with X sm and i gr with π * • i gr , we may assume that the variety X is smooth.
We have a distinguished element b 1 ∈ B 1 , and an associated element
, so there are induced injective morphisms
There is also an induced inclusion
given by i
. By assumption, K gr (B) is finitely generated as a field extension of C and is of transcendence degree 1 so there is a unique smooth complex curve C such that K gr (B) ∼ K(C). After fixing an isomorphism I : K(C) → K gr (B) we have an inclusion
and an induced rational morphism with dense image
After birational modification, we may assume that the map π X is in fact a surjective morphism.
Valuations of K(C) correspond to points of the curve C. Consider the set of valuations in ν B,b 1 , which by hypothesis is infinite
and consider the set of associated points in C, {p 1 , p 2 , . . . , p m , . . . , } having the property that ν j • I = ν p j . For any j we know that there exists a positive integer n(j) and an element b j ∈ B n(j) for some n such that
There exists a meromorphic function on C, f , such that
and hence
We know that ν p j (f ) = (ν j • I(f )) < 0 or in other words f has a pole at the point p j .
It follows that
has a pole along π This completes the proof of the Proposition 1.
Construction of the example.
We will now construct our example of an approximable algebra B = ⊕ n B n such which satisfies the condition in Lemma 1.
We will start by associating to any number n an element of N N .
Definition 3. Let n be a natural number. We denote by I(n) the sequence
We further denote by J(n) the sum of the elements of I(n), ie.
We will require the following superadditivity property of I(n).
Lemma 1. For all integers n and m we have that
where we consider that v ≤ w if v i ≤ w i for every integer Proof. Immediate from the elementary fact that ⌊r + s⌋ ≥ ⌊r⌋ + ⌊s⌋ for any real numbers r and s.
Note that in particular J(n) + J(m) ≤ J(n + m) for all integers n and m.
We now choose an infinite sequence of distinct points in C which we denote by z 0 , . . . , z m . . .. Let x be a variable and consider the vector
We associate to any integer n the polynomial in x
and we are now in a position to define our algebra.
Definition 4. We define B n by B n ⊂ C(x),
The algebra B is then the graded algebra B = ⊕ n B n
We note that ⊕ n B n is an algebra because for all n and m we have that I(n) + I(m) ≤ I(n + m) so that P n × P m |P n+m . Remark 1. Note that while each of the subsets B n is defined as a subset of C(x), the global algebra ⊕ n B n is not, since the subsets B n , B m ⊂ C(x) are not typically disjoint.
We now show that B is approximable.
Proposition 2. The algebra B = ⊕ n B n is approximable.
Proof. The conditions (1) and (2) of approximability are immediate. We turn to the proof of condition (3) .
Note that the image in B pn of Sym n (B p ) is given by
which is of dimension nJ(p) + 1 and that B np is itself
given by P (x)/Pn(x) Q(x)/Pn(x) → P (x)/Q(x). Since φ x/P 1 (x) 1/P 1 (x) = x, this map is surjective. As a morphism of fields, it is injective. This completes the proof of the lemma.
However, if we set b 1 ∈ B 1 = 1 then the set of valuations ν B,b 1 is infinite, since it contains ν z i for any choice of i.
But this now completes the proof of Theorem 1.2, since B is approximable, but since the set ν B,b 1 is infinite, B cannot be a graded subalgebra of the space of sections of a big line bundle.
